We classify the holomorphic Borcherds products of singular weight for all simple lattices of signature (2, n) with n ≥ 3. In addition to the automorphic products of singular weight for the simple lattices of square free level found by Dittmann, Hagemeier and the second author, we obtain several automorphic products of singular weight 1/2 for simple lattices of signature (2, 3). We interpret them as Siegel modular forms of genus 2 and explicitly describe them in terms of the ten even theta constants. In order to rule out further holomorphic Borcherds products of singular weight, we derive estimates for the Fourier coefficients of vector valued Eisenstein series, which are of independent interest.
Introduction
In his celebrated work [Bor98] , Borcherds defined a multiplicative lifting map from vector valued modular forms for the Weil representation associated to an even lattice L to modular forms on the hermitian symmetric domain corresponding to L. The resulting modular forms have infinite product expansions at the cusps and are therefore called automorphic (or Borcherds) products. The smallest possible weight of a nonconstant holomorphic modular form for the orthogonal group of an even lattice L of signature (2, n) with n ≥ 3, called the singular weight, is given by n 2 − 1, compare [Bun01] . Borcherds products of singular weight have interesting Fourier and product expansions which often yield denominator identities of generalized Kac-Moody algebras [Sch06] . Furthermore, there are not many known holomorphic Borcherds products of singular weight, and it is a folklore conjecture that there are only finitely many of them, which makes it an interesting problem to classify them all.
Scheithauer [Sch06] obtained a complete list of the symmetric and reflective Borcherds products of singular weight for lattices of square free level. In [Sch17] , he classified all reflective (not necessarily symmetric) holomorphic automorphic products of singular weight for lattices of prime level, and he gave an effective bound for the possible signatures of lattices of prime level (with prescribed discriminant group) allowing holomorphic Borcherds products of singular weight. Recently, Dittmann was able to remove the requirement of being symmetric for all lattices of square free level [Dit18] .
Following a somewhat different direction, Dittmann, Hagemeier and the second author in [DHS15] classified the simple lattices of square free level (hence even signature) and the corresponding holomorphic Borcherds products of singular weight. Here, an even lattice L of signature (2, n) is called simple if the space of cusp forms of weight n 2 + 1 for the dual Weil representation of L vanishes. For a simple lattice, every formal principal part is the principal part of a vector valued modular form, which implies that a simple lattice allows many Borcherds products. One of the main result of [DHS15] is a list of 15 (isomorphy classes of) simple lattices of square free level. It was further proven that only four of them admit holomorphic automorphic products of singular weight, which were then constructed explicitly. Shortly afterwards, Bruinier, Ehlen and Freitag [BEF16a] determined all simple lattices of arbitrary level and signature. The main result of the present work is the classification of the holomorphic Borcherds products of singular weight for all simple lattices of signature (2, n) with n ≥ 3. To ensure that the Borcherds product is holomorphic, we assume that the corresponding vector valued modular form has only nonnegative coefficients in its principal part.
Theorem 1.1. Holomorphic Borcherds products (coming from vector valued modular forms with nonnegative principal part) of singular weight n 2 − 1 for simple lattices L of signature (2, n), n ≥ 3, only exist in the following cases.
n genus lattice level
Here U denotes the hyperbolic plane Z 2 with Q(x, y) = xy, and A 1 , A 2 , D 4 , E 8 denote the usual root lattices. Further, if (L, Q) is a lattice and N a positive integer, we write L(N ) for the rescaled lattice (L, N Q).
We remark that the automorphic products for the lattices with n ≥ 4 in the above table were already found in [DHS15] . The automorphic products for the simple lattices of signature (2, 3) can be viewed as Siegel modular forms and can be written in terms of theta constants, see Section 5.
We briefly explain the idea of the proof. Let L be one of the simple even lattices of signature (2, n) with n ≥ 3 (which are given in the appendix). Let L ′ denote its dual lattice and let L ′ /L be its discriminant form. Let f be a weakly holomorphic modular form of weight 1 − n 2 for the Weil representation of L with real coefficients a f (γ, n) for all γ ∈ L ′ /L, n ∈ Q. To make sure that the associated Borcherds product Ψ f is holomorphic we assume that the coefficients a f (γ, n) with n < 0, i.e., the coefficients of the principal part of f , are nonnegative integers. The weight of Ψ f is given by the linear combination
where a E (γ, −n) are the Fourier coefficients of an Eisenstein series of weight n 2 + 1 for the dual Weil representation (see Section 2.2). We have to check whether we can choose the coefficients a f (γ, n) ∈ Z ≥0 for n < 0 such that (1.1) equals the singular weight n 2 − 1. To this end, we give an explicit lower bound for the absolute value of the coefficients of this Eisenstein series. Theorem 1.2. Let L be an even lattice of signature (b + , b − ) (b + even) and rank m ≥ 3, and let d = |L ′ /L|. Suppose that L splits a rescaled hyperbolic plane U (N ). Let γ ∈ L ′ /L and n ∈ Z −Q(γ) with n > 0. The coefficient a E (γ, n) of the Eisenstein series of weight k = m 2 for the dual Weil representation is either 0 or satisfies the estimate
for some explicit constant C k,d,N > 0 depending on k, d, and N , but not on γ and n.
We refer to Theorem 3.2 for the details. Note that all the simple lattices of signature (2, n) with n ≥ 3 split a rescaled hyperbolic plane. The theorem implies that the weight of Ψ f is bigger than the singular weight for all but finitely many choices of the principal part of f . For the few remaining choices of the principal part of f , we explicitly compute the coefficients of the Eisenstein series to check whether (1.1) equals the singular weight. The first author has written a python program which allows a very fast computation of the Fourier coefficients of Eisenstein series for the Weil representation, which will be part of his PhD thesis [Opi18] . Finally, if we have found a suitable principal part such that (1.1) equals the singular weight, the fact that L is a simple lattice guarantees that it is the principal part of a weakly holomorphic modular form f , i.e., there exists a holomorphic Borcherds product of singular weight.
The work is organized as follows. In Section 2, we start with the necessary preliminaries on vector valued modular forms for the Weil representation, Borcherds products and simple lattices. Then, in Section 3, we derive estimates for the Fourier coefficients of vector valued Eisenstein series and prove Theorem 1.2. Section 4 is devoted to the proof of Theorem 1.1. Finally, in Section 5, we interpret the holomorphic Borcherds products of singular weight for the simple lattices of signature (2, 3) as Siegel modular forms of genus 2 and describe them in terms of theta constants. In the appendix, we recall the list of simple lattices of signature (2, n), n ≥ 3, of Bruinier, Ehlen and Freitag [BEF16a] . 
Preliminaries

Vector valued modular forms
where e(a) := e 2πia for a ∈ C. The dual Weil representation will be denoted by ρ * L .
and z ∈ H, and if f has at most a pole at ∞. More precisely, this means that f has a Fourier expansion of the form
that is, a f (γ, n) = 0 for all but finitely many n < 0. The finite Fourier polynomial
is called the principal part of f . Note that the coefficients of f satisfy the symmetry
Every finite sum as in (2.1) which satisfies this symmetry will be called a formal principal part.
Orthogonal modular forms and Borcherds products
Let L be an even lattice of signature (2, n) with n ≥ 3 and let V = L⊗R. We let Gr(V ) be the Grassmannian of positive definite planes in V . Choose some primitive isotropic vector z ∈ L and some vector z ′ ∈ L ′ with (z, z ′ ) = 1, and let
has two connected components. We pick one of them and denote it by H n . It can be viewed as a generalized upper half-plane. There is a bijection Gr(V ) ∼ = H n which endows Gr(V ) with a complex structure, compare [Bru02] , Section 3. 
Further, there is a natural factor of automorphy j(σ, Z) for σ ∈ O(L) + and Z ∈ H n , see [Bru02] , Section 3.3. A meromorphic function Ψ : H n → C is called a modular form of weight k ∈ 1 2 Z for Γ L and multiplier system χ if Ψ(σZ) = χ(σ)j(σ, Z) k Ψ(Z) for all σ ∈ Γ L and Z ∈ H n . The smallest possible positive weight of a nontrivial holomorphic modular form for Γ L is called the singular weight. It is given by
For γ ∈ L ′ /L and n < 0 we define the Heegner divisor of index (γ, n) by
Here X ⊥ ⊂ Gr(V ) denotes the set of all positive definite planes orthogonal to X. The corresponding divisor in H n will be denoted by the same symbol H L (γ, n).
Then there exists a meromorphic modular form Ψ f : H n → C of weight a f (0, 0)/2 for Γ L (transforming with a multiplier system of finite order) whose divisor is given by 1 2
Here H L (γ, n) has multiplicity 2 if 2γ = 0 in L ′ /L, and multiplicity 1 otherwise.
The modular form Ψ f has particular product expansions at the cusps, which is why it is called the Borcherds product or automorphic product associated to f . We did not include the product expansions here since we will not use them.
We are particularly interested in Borcherds products of singular weight n 2 − 1. Therefore, we need to control the constant coefficient a f (0, 0) of f . Let κ = n 2 + 1, and define a vector valued Eisenstein series for the dual Weil representation ρ * L by
whereΓ ∞ is the subgroup of Mp 2 (Z) generated by T . It is a modular form of weight κ for ρ * L and it has a Fourier expansion of the form
with Fourier coeffficients a E (γ, n) ∈ Q, compare Theorem 3.1 below. If f is a weakly holomorphic modular form of weight
By the residue theorem its residue vanishes, which yields the formula
Therefore, the constant coefficient of f , and hence the weight of the associated Borcherds product, is determined by the principal part of f and coefficients of an Eisenstein series.
Simple lattices
An even lattice L of signature (2, n) is called simple if the space of cusp forms of weight n 2 + 1 for ρ * L is trivial. This space of cusp forms is also called the obstruction space for L. The significance of this notion is the fact that a formal principal part as in (2.1) is the principal part of a weakly holomorphic modular form of weight 1 − n 2 for ρ L if and only if
for every cusp form g(z) = γ,n a g (γ, n)e(nz) e γ in the obstruction space. Hence, for a simple lattice every formal principal part is the principal part of a weakly holomorphic modular form of weight 1 − n 2 , and hence every Z-linear combination of Heegner divisors is the divisor of a Borcherds product.
The simple lattices of square free level and the corresponding holomorphic Borcherds products of singular weight were determined in [DHS15] . Later, all simple lattices of arbitrary level were computed in [BEF16a] , but the corresponding Borcherds products of singular weight were not studied. For convenience of the reader, we give a list of the simple lattices of signature (2, n) with n ≥ 3 in the appendix.
Fourier coefficients of Eisenstein series
In this section we derive estimates for the coefficients of the Eisenstein series E(z) and prove Theorem 1.2. The coefficients of E(z) are given by the following Theorem 3.1 ([BK01], Theorem 4.8). Let γ ∈ L ′ and n ∈ Z −q(γ) with n > 0. The coefficient a E (γ, n) of the Eisenstein series E(z) of weight k = m/2 for ρ * L is equal to
Here S is the Gram matrix of L and If the lattice in question splits a rescaled hyperbolic plane, we may estimate the coefficients as follows.
The proof is accomplished using the following lemmas, which generalize the estimates in [BM17] . We start with a well-known formula for the representation numbers of the hyperbolic plane.
Lemma 3.3. Let n ∈ Z and ν ∈ Z ≥0 . Then
Corollary 3.4. We have
Next, we determine the representation numbers of rescaled hyperbolic planes.
Lemma 3.5. Let p be a prime, ν ∈ N 0 , N ∈ Z and γ =
Proof. We may write
If p ν min ∤ ℓ, then the condition for (a, b) implies 0 ≡ −l ≡ 0 (mod p ν min ). This condition cannot be fulfilled and the representation number is 0 in this case.
If ν N ≤ min(ν, ν γ ), we write N = N ′ · p ν N with (N ′ , p) = 1 and find an integer N ′ such that
This proves the second case. If ν N > min(ν, ν γ ), we distinguish two cases. If ν γ ≥ ν, the condition for (a, b) is trivial and we have p 2ν = p ν+min(ν,νγ ) solutions. If ν γ < ν, we may assume that p νγ γ 2 . We see that
so again we have p ν+min(ν,νγ) solutions.
Using the above lemma, we derive a lower bound for the representation numbers of lattices which split a rescaled hyperbolic plane.
Proof. Write γ = γ 1 + γ 2 with γ 1 ∈ L ′ 1 and γ 2 ∈ U (N ) ′ . We may write
To estimate the summands we define ν γ := ν γ 2 , ν N and ν min as in Lemma 3.5. If all summands are 0, there is nothing to prove. Therefore, we may assume that there is a λ 1 such that the corresponding summand N U (N ) γ 2 ,n+Q(λ 1 −γ 1 ) (p ν ) is nonzero. This implies
If we change λ 1 modulo p ν min L 1 , this remains true. This gives at least p (ν−ν min )(m−2) nonzero summands, which we can estimate using Lemma 3.5. We distinguish the cases ν N ≤ min(ν, ν γ ) and ν N > min(ν, ν γ ). In the first case, the nonzero summands are of the form
whereñ might depend on λ 1 and we use Corollary 3.4 for the estimate. This yields
for the sum. In the second case, the nonzero summands are of the form p ν+min(ν,νγ) = p ν+ν min . This yields
where we have used 3 − m ≤ 0 and ν min ≤ ν N . The proof is finished.
Note that the characters χ 4D and χ D appearing in the Fourier expansion of E(z) given in Theorem 3.1 are quadratic Dirichlet characters. For even signature, we need the following estimate.
Lemma 3.7. Let χ be a real Dirichlet character, n ∈ N, and s ∈ R with s ≥ 2. Then
Proof. We have
which yields the desired estimates.
For odd signature, the following two estimates are useful.
Lemma 3.8. Let χ be a real Dirichlet character, let f ∈ N, and let k ≥ 5/2. Then we have
Proof. We split off the term for d = 1 on the left-hand side and estimate
, so the last expression is greater or equal than
This finishes the proof.
Lemma 3.9. Let χ be a real Dirichlet character and let s ∈ R, s > 1. Then
which completes the proof.
Putting together all the above lemmas, we easily obtain the estimates in Theorem 3.2.
4 The proof of Theorem 1.1
For a given lattice of signature (2, n) with n ≥ 3 we are interested in solutions to the equation
with a f (γ, n) ∈ Z ≥0 satisfying a f (γ, n) = a f (−γ, n). We know from Theorem 3.1 that the Eisenstein coefficients on the right hand side are nonpositive. For any γ ∈ L ′ /L and any n < 0 we have a E (γ, −n) = a E (−γ, −n). Hence any nonzero summand for a γ of order greater than 2 will occur twice, once for γ and again for −γ = γ. We can only find a solution to the above equation if there is an Eisenstein coefficient satisfying 2 − n ≤ a E (γ, −n) < 0 and 2γ = 0 or an Eisenstein coefficient satisfying 1 − n 2 ≤ a E (γ, −n) < 0 and 2γ = 0. We consider one of the simple lattice given in the appendix in detail. The other lattices can be treated analogously. The lattice L = A 1 (−1) ⊕ U (4) ⊕ U (4) has genus symbol 2 +1 7 4 +4 and signature (2, 3). We need to check for Eisenstein coefficients satisfying −1 ≤ a E (γ, −n) < 0 and 2γ = 0 or Eisenstein coefficients satisfying − 1 2 ≤ a E (γ, −n) < 0 and 2γ = 0. The lattice splits a hyperbolic plane rescaled by 4, which leads to the estimate −a E (γ, n) ≥ C 4,512, this implies a E (γ, n) < −1. Let f be a modular form of weight − 1 2 for ρ L with coefficients a f (γ, n). In view of the discussion above and formula (1.1) for the weight of the Borcherds products Ψ f , we see that the weight of Ψ f will be bigger than the singular weight 1 2 if a f (γ, n) > 0 for some n ≤ −13. Hence it suffices to compute the Eisenstein coefficients a E (γ, n) for n < 13. The discriminant form of L is isomorphic to Z /2 Z ×(Z /4 Z) 4 and has 8 orbits with respect to the action of its orthogonal group. Since the Eisenstein series is invariant under the orthogonal group it suffices to list the coefficients of the Eisenstein series once for each orbit. The computation based on [KY10] is implemented in a python program using sage. The program for the computation of the Eisenstein coefficients will be part of the PhD thesis [Opi18] of the first author and will be available on github. The following table gives a representative for each orbit, the size of the orbit and the coefficients of the Eisenstein series for an element in this orbit. for any γ in the 7th orbit (and a f (γ, n) = 0 for all other γ ∈ L ′ /L, n < 0). We will call such elements γ (which lead to Borcherds products of singular weight) good elements. This finishes the classification of the holomorphic Borcherds products of singular weight for the simple lattice L = A 1 (−1) ⊕ U (4) ⊕ U (4). The other simple lattices can be treated analogously.
Automorphic products as Siegel modular forms
We now describe the automorphic products for the simple lattices of signature (2, 3) as Siegel modular forms. To this end, we first recall the well-known identification of the Siegel upper half-space of genus 2 with the hermitian symmetric space associated to O(2, 3). We use the setup of [Lip08] .
We consider the real quadratic space
It has signature (2, 3). Occasionally, we identify V with R 5 and write X = (x 1 , x 2 , x 3 , x 4 , x 5 ) ∈ V to ease the notation. The group Sp 4 (R) acts as isometries on V by conjugation. In fact, the identity component O(V ) + of the orthogonal group of V is isomorphic to Sp 4 (R)/{±1}.
Let H 2 be the Siegel upper half-space of genus 2. For Z = X + iY = (
Note that X(Z) has norm 0, and that the real and the imaginary part have norm 1 and are orthogonal. The map Z → span Re X(Z), Im X(Z)
gives a bijection between H 2 and the Grassmannian Gr(V ) of positive definite planes in V , which is compatible with the corresponding actions of Sp 4 (R). Note that the Siegel upper halfplane H 2 can be naturally identified with the orthogonal half-plane H 3 corresponding to the primitive isotropic vector z = (1, 0, 0, 0, 0) and the vector z ′ = (0, 1, 0, 0, 0). Thus orthogonal modular forms on H 3 can be viewed as Siegel modular forms of genus 2. Let L be an even lattice in V , and let γ ∈ L ′ /L and n ∈ Z +Q(β) with m < 0. In the Siegel upper half-space model of Gr(V ), the Heegner divisor H L (γ, n) corresponds to the set
The ten even theta constants
with a, b ∈ {0, 1} 2 , a 1 b 1 + a 2 b 2 ≡ 0 (mod 2), are Siegel modular forms of weight 1 2 for the principal congruence subgroup Γ(2), see [Fre83] , Satz 3.2. The divisor of ϑ 1,1,1,1 (Z) on H 2 is given by Γ ϑ {Z ∈ H 2 : z 2 = 0}, where Γ ϑ is the theta group, see [Fre83] , Bemerkung A 2.3. Since Sp 4 (Z) acts transitively on the even theta constants, we can easily determine the divisors of the other theta functions from this. The following result is well known.
Lemma 5.1. The divisor of ϑ a,b (Z) on H 2 is given by the set of all Z ∈ H 2 satisfying an equation
5 satisfying x 1 x 2 + x 3 x 4 − x 2 5 = −1 and the following congruences mod 4: We remark that the divisors of the ten even theta constants can be written as Heegner divisors with respect to the lattice √ 2 Z 5 ⊂ V , but we chose the above formulation to make everything as explicit as possible.
We now describe the Borcherds products of singular weight 1 2 found in Theorem 1.1 in terms of theta constants. In each case, we first realize the simple lattice under consideration as a sublattice of V , which amounts to choosing a cusp at which we expand the Borcherds products for this lattice. We will frequently use the fact that, by the Koecher principle, a holomorphic Siegel modular form of weight 0 for some finite index subgroup of Sp 4 (Z) and some multiplier system of finite order is constant. Hence, in order to show that our Borcherds products of weight 1 2 are given by theta constants, it suffices to compare their divisors.
The lattice
We realize L as the subset of V consisting of those X = (x 1 , . . . , x 5 ) ∈ V with x 1 , . . . , x 4 ∈ Z and x 5 ∈ 2 Z. Then the dual lattice L ′ is then given by those X ∈ V with x 1 , . . . , x 4 ∈ Z and x 5 ∈ 
This is the divisor of the theta constant ϑ 1,1,1,1 (Z), which implies that the Borcherds product of weight 
5.3
The lattice A 1 (−1) ⊕ U(4) ⊕ U(2)
We realize L as the subset of V with x 1 , x 3 , x 5 ∈ Z and x 2 ∈ 4 Z, x 4 ∈ 2 Z. There are eight good elements γ with order 2 in L ′ /L. The corresponding Heegner divisors H(γ, − 
The lattice
We realize L as the subset of V with x 1 , . . . , x 5 ∈ √ 2 Z. There are 20 good elements in L ′ /L which come in pairs ±γ. The corresponding Borcherds products are exactly the ten even theta constants. This case has been treated in detail in the Diploma thesis of Lippolt [Lip08] , written under the supervision of Freitag.
5.5
The lattice A 1 (−1) ⊕ U(4) ⊕ U(4)
We realize L as the subset of V with x 1 , x 2 , x 3 , x 4 ∈ 2 Z and x 5 ∈ Z. There are 10 good elements of order 2 in L ′ /L, which lead to the ten even theta constants, and 120 good elements which do not have order 2, and which form a single orbit under the action of O(L ′ /L). For example, one pair of good elements is given by ±γ = ±(1, 0, 1, 0, . The remaining Borcherds products can be determined analogously.
Appendix: Simple lattices
We list the simple even lattices of signature (2, n), n ≥ 3. They have been determined by Bruinier, Ehlen and Freitag and can be found in the appendix of the extended online version [BEF16b] of their journal article [BEF16a] .
Every genus in the following list contains exactly one isomorphy class. We describe the corresponding lattices in terms of the hyperbolic plane U = (Z 2 , Q(x, y) = xy), the standard positive definite root lattices A n , D n , E 6 , E 7 , E 8 and the lattice The simple even lattices of signature (2, n), n ≥ 3, are given in the following tables.
